Abstract. In this paper, an improved numerical algorithm for the fractional differential equations is proposed based on the variational iteration method. Using the improved numerical scheme, we investigate a new fractional-order hyperchaotic system, and find that hyperchaos does exist in the new fractional-order four-dimensional system with order less than 4. The lowest order we find to yield hyperchaos is 3.46 in this new fractional-order system. The existence of two positive Lyapunov exponents further verifies our results. Numerical results show that the proposed method has a faster speed and more accurate comparing with the traditional predictor-corrector algorithm. Based on the stability theory of the fractional-order system, a nonlinear controller is constructed to achieve synchronization fora class of nonlinear fractional-order systems using the pole placement technique. The nonlinear control method can synchronize two different fractional-order hyperchaotic systems. This synchronization scheme which is simple and theoretically rigorous enables synchronization of fractional-order hyperchaotic systems to be achieved in a systematic way and does not need to compute the conditional Lyapunov exponents. Simulation results are given to validate the effectiveness of the proposed synchronization method.
Introduction
Although fractional calculus is a 300-year-old mathematical topic, fractional calculus starts to attract increasing attention of physicists and engineers from an application point of view [1, 2] . It was found that many systems in interdisciplinary fields can be elegantly described with the help of fractional derivatives. For example, The electrode-electrotype interface is a sample of fractionalorder processes because at metal-electrolyte interfaces the impedance is proportional to the noninteger order of frequency for small angular frequencies [3] . The resistance-capacitance-inductance interconnect model of a transmission line is a fractional-order model [4] . In the fractional capacitor theory, if one of the capacitor electrodes has a rough surface, the current passing through it is proportional to the non-integer derivative of its voltage [5] . In economy, it has been known that some finance systems can display fractional order dynamics [6] . More examples for fractional-order dynamics can be found in [2] . Moreover, applications of fractional calculus have been reported in many areas such as signal processing [7] , automatic control [8] and robotics [9] . So it is important to investigate the dynamical systems with fractional-order models.
However, there are many material differences between the ordinary differential equation systems (integer-order) and the corresponding fractional-order differential equation systems. Most of the properties or conclusions of the integer-order system cannot be simply extended to the case of the fractional-order one. To date, it was found that many fractional-order differential systems such as the fractional-order Rössler system [10] , the fractional-order Chen system [11] , the fractional-order Lü system [12] , the fractional-order unified system [13] etc, display chaotic behavior.
Hyperchaos, which has at least two positive Lyapunov exponents and has a more complex behavior than a chaotic system, exists only in higher than or equal to four-dimensional autonomous systems. The hyperchaos is more useful in some fields such as communication, encryption etc. In addition, the predictor-corrector algorithm for solving the fractional differential equations requires more computational complexity, which leads to a slow running speed. The computational precision of it is unsatisfactory. Motivated by the above discussions, in our work, we present an improved numerical algorithm for the fractional differential equations. By the proposed numerical algorithm, we numerically investigate the hyperchaotic behaviors of a novel fractional-order four-dimensional system. It is found that hyperchaos indeed exist in the new fractional-order system with order as low as 3.46. The hyperchaotic dynamical behaviors of the system were demonstrated by computer simulations. Numeric evidence shows that the proposed algorithm is superior to the current predictor-corrector algorithm. Furthermore, synchronization of the fractional hyperchaotic systems is also investigated.
Fractional Derivative and the Improved Numerical Algorithm
There are some definitions for the fractional differential operators [1] . Riemann-Liouville definition is commonly used and defined by
where n α =     , i.e., n is the first integer which is not less than α , J β is the β -order RiemannLiouville integral operator as described by
where ( ) Γ ⋅ is the gamma function. Here and throughout, only the following definition is applied:
where n α =     . The Riemann-Liouville fractional derivative appears unsuitable to be treated by the Laplace transform technique in that it requires the knowledge of the non-integer order derivatives of the function at 0 t = [14] . This problem does not exist in the Caputo definition that is sometimes referred as smooth fractional derivative in literature [15] . In addition, Riemann-Liouville initial problems require homogeneous initial conditions, whereas Caputo initial problems allow us to specify inhomogeneous initial conditions too if this is desired [16] . It is known [17] that under those homogeneous conditions the problems with Riemann-Liouville operators are equivalent to those with Caputo operators. So we would prefer the Caputo derivative to the Riemann-Liouville one.
The numerical calculation of a fractional differential equation is not as simple as that of an ordinary differential equation. Here we choose the Caputo version and use the variational iteration method for fractional differential equations according to the basic ideas in [18, 19] . The following is a brief introduction of the algorithm.
The following differential equation:
, is equivalent to the Volterra integral equation [20] 
We apply the variational iteration method in the above equation as follows:
where the initial values
Dynamics of a New Fractional-Order Four-Dimensional System
More recently, Gao et al. proposed a new hyperchaotic system [21] by adding a nonlinear quadratic controller to the second equation of the three-dimensional autonomous modified Lorenz chaotic system [22] ,which is given by ( ) x a y x y bx y xz w z xy cz w dyz
where a , b , c and d are the system parameters. When , system (6) behaves hyperchaotically as shown in Fig. 1 . Now we consider the fractional version of the new hyperchaotic system as follows:
where 0 1 α < ≤ . According to the improved numerical algorithm of the fractional-order system in Section 2, we find that hyperchaos does exist in the new four-dimensional system with fractional order. In the following simulations, the system parameters are always chosen as . Obviously, the fractional-order system (7)is hyperchaotic. However, when 0.865183290824756 α < , the fractional-order system (7)has no hyperchaos. The phase portraits of system (7) for 0.864 α = are shown in Fig. 5 . System (7) does not display hyperchaotic, but limit cycles appear which implies that there is no hyperchaos in the fractional-order system (7). Therefore, the lowest limit of the fractional order for this system to be hyperchaoticis . Thus, the lowest order we found for this system to yield hyperchaos is 3.46.
Furthermore, we have compared the performance of our proposed algorithm with the traditional predictor-corrector algorithm. Corresponding results are listed in Table 1 . As can be seen clearly, for the same fractional-order nonlinear system (7), the running speed of our proposed scheme is much faster than that of the predictor-corrector algorithm. Furthermore, the lowest order for this system to yield hyperchaos is 3.46 by our improved algorithm, while the lowest order is 3.664 by the predictor-corrector algorithm. Therefore, the proposed numerical algorithm outperforms the traditional predictor-corrector scheme. 
The Controller Design based on the Stability Theory of Fractional-Order System
Consider the following fractional-order system described by
where n R ∈ x is a n-dimensional state vector of the system, , then x and y are the states of two identical fractional-order systems. Otherwise, x and y are the states of two different fractional-order systems.
The synchronization problem is to design a suitable controllerU , which synchronizes the states of both the drive and response systems. For this end, the synchronization error between system (8) and system (9) is defined as − e = y x .The fractional-order synchronization error system can be written as follows: 
Substituting Eq. (11) into Eq. (10), the error dynamical system (10) can be rewritten as
We can obtain the following theorem. Theorem 1.According to the stability theory of fractional-order systems, global asymptotic chaos synchronization between the fractional-order drive system (8)and the response system (9) , i.e., the fractional-order drive system (8) and the fractional-order response system (9) is in a state of asymptotic synchronization can be easily obtained by the pole placement technique from control system theory such as the Ackermann's method.
In the following, we will validate the proposed scheme via a numerical example. The drive system is given as system (13) . The fractional-order Chen hyperchaotic system (14) is used as a response system. 
where 1 
Substituting Eq. (16) 
In the following simulation, the parameters are always selected as . Both the new fractional-order system (6) and the fractional-order Chen system (14) are hyperchaotic. The initial states of the drive system (13) and the response system (14) are taken as (10, 10, 7, 
Simulation results of the synchronization between the fractional-order hyperchaotic systems (13) and (14) using the nonlinear controller (16) are displayed in Fig. 6 . From Fig. 6 , we can see that the new fractional-order hyperchaotic systems (13) and the fractional-order Chen system (14) are globally synchronized asymptotically after 5 
Conclusions
This paper proposes an improved numerical algorithm for the fractional differential equations based on the variational iteration method. Using the presented algorithm, the hyperchaotic behaviors of a new fractional-order four-dimensional system are numerically studied. We have found that hyperchaos does exist in the new fractional-order system with order as low as 3.46. The hyperchaotic dynamical behaviors of the system are illustrated by computer simulations. Numerical results demonstrate the proposed numerical algorithm is superior to the traditional predictorcorrector scheme. Further, based on the stability theory of the fractional-order system, the nonlinear controller is designed to achieve synchronization for a class of nonlinear fractional-order systems by employing the pole placement technique. The synchronization method is rather simple, theoretically rigorous and convenient to implement in practice, and does not require computing the conditional Lyapunov exponents. For verifying the effectiveness of the presented synchronization scheme, some numerical simulations are performed in our work.
